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Abstract 

We consider the strong field asymptotics for the occurrence of zero modes 
of certain Weyl-Dirac operators on In particular we are interested in those 
operators for which the associated magnetic field B is given by pulling 
back a 2-form (3 from the sphere to using a combination of the Hopf 
fibration and inverse stereographic projection. If J ^2 /? 7 ^ 0 we show that 
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as T — 7 > -|-oo. The result relies on Erdos and Solovej’s characterisation of the 
spectrum of VtB in terms of a family of Dirac operators on together with 
information about the strong field localisation of the Aharonov-Casher zero 
modes of the latter. 
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1 Introduction 

Suppose i? is a (smooth) magnetic field on viewed either as a divergence free 
vector held B = Bfij or as a closed 2-form 

B = Bi dx2 A dxs + B2 dxz A dx\ -|- B^ dx\ A dx2. 

Choose a corresponding magnetic potential (or 1-form) A = Ai dxi + A2 dx2 + A3, dxs 
which generates B in the sense that B = dA (such potentials exist by Poincare’s 
Lemma). A Weyl-Dirac operator operator can then be dehned by 
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where cxi, a 2 and <73 are the Pauli matrices and V = (Vi, V 2 , V 3 ) denotes the usual 
gradient operator on The operator ^ acts on 2 component spinor-fields 
which, on can be viewed simply as valued functions. Standard arguments 
(see m Theorem 4.3] for example) show that is essentially self-adjoint on 

C“. We also use to denote the corresponding closure which is an unbounded 

self-adjoint operator on 

We are interested in the question of when 0 is an eigenvalue of V^s b or, equiv¬ 
alently, of determining when Prs ^ has a non-trivial kernel. 

Definition. Any eigenfunction of T>r3^b corresponding to 0 is called a zero mode. 

Remark. The potential A (and hence the operator T’rs^b) is not uniquely determined 
by B. However if dA = B = dA' then A — A' = dcj) for some 0 G C'°°(M^) (using 
Poincare’s Lemma). Multiplication by then establishes a unitary equivalence 
between the operators T’rs^s defined using the potentials A and A'. It follows that 
spectral properties of Prs^b, and in particular the existence of zero modes, depend 
only on B. 

Zero modes have been studied in a number of contexts in mathematical physics 
including the stability of matter ( |FLLj . [LY] ) and chiral gauge theories ( [AMN 1] . 
[AMN2j ). Most early work concentrated on the construction of explicit examples, in¬ 
cluding the original example ( |LYj ). examples with arbitrary multiplicity ( [AMN2] ). 
compact support f |El] ]) and a certain rotational type of symmetry f |ES] : further 
details below). Some subsequent work moved toward studying the set of all zero 
mode producing fields (or potentials) within a given class; in particular, this set 
is nowhere dense ( [BElj . |BE2j j and is generically a co-dimension 1 sub-manifold 
( [E2j : slightly different classes of potentials were considered in these works). 

To further our understanding of which fields produce zero modes it is reasonable 
to consider the problem in various asymptotic regimes. We focus on the strong field 
regime (which, via a simple rescaling of the zero mode equation, is equivalent to the 
semi-classical regime). For a fixed field B define a counting function by 

Ns(T)= Y. dimKer Drs^^^ 

0<t<T 

for any T G M"*". The behaviour of Nb(T) as T —)• -l-cxo is more regular than that 
of dimKerPRS and clearly gives information about the occurrence of zero modes 
for strong fields. 

In [ETj an upper bound of the form N 5 (T) < C||A||| 3 T^ was obtained, valid for 
any T > 0 and potential A E (with B = dA). The purpose of the present work is 
to determine the precise leading order asymptotic behaviour of N 5 (T) as T —)■ -|-cxd 
for a large class of symmetric magnetic fields first considered in |ESj . Before defining 
this class we need to introduce some supporting ideas and notation. 

Let r2^(S^) denote the set of 2-forms on and let v §2 G r2^(§^) denote the 
standard volume 2-form. Any jS G r2^(S^) can then be written as 0 = /v §2 for a 
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unique / G The flux of fl is defined to be 



We also define |/9| to be the (not necessarily smooth) 2-form given by |/3| = |/|v§ 2 . 

Definition. Let h : —)■ and vr : \ {(0,0,0,—!)} —)■ denote the Hopf 

hbration and stereographic projection respectively. Set 

fiES = {(’f-yV/3 : /3 e f!=(S"), «>(/?) 0} 

(where * denotes pullback). Dehne similarly except without the condition 

$(/?) ^ 0 . 

Elements of B^g are closed 2-forms on and can thus be viewed as magnetic 
helds (note that, all 2-forms on are closed). Furthermore helds B G S^g are 
smooth and satisfy bounds of the form \B{x)\ = 0(1x1“"^) as |x| —)■ oo, while it is 
always possible to hnd a smooth potential A with B = dA which satishes bounds 
of the form |A(x)| = 0(|x|“^) as |x| —)• oo. It follows that helds in their 

associated potentials) fall into the classes considered in |BE1] . |BE2] and |E2] . 

Our main result is the following. 

Theorem 1.1. Let B G with B = {7i~^)*h*fl for fl G O^(S^). Then 

Nb(T) = i |$(/?)| $(|/3|) + o{T^) asT^ +oo. (2) 

The lower asymptotic bound in ([2]), together with the explicit form of Nb(T) 
for the special case of the “constant” held fl = vs 2 , were obtained in [Taj . It is 
also clear where the argument for the upper bound in |ET] may gain an order in T, 
although it remains unclear whether the 0{T^) upper bound might yet be sharp for 
some magnetic held B. 

Fields in S^g are invariant under the symmetry of induced by the rotation 
of along the hbres of the Hopf hbration. The main work in |ESj is to show 
how this symmetry can be used to express the spectrum of T>k3 in terms of the 
spectra of a family of Dirac operators on (see Section [3] for further details). To 
calculate Ns(T) we need to consider eigenvalues of the latter with modulus up to 
1/4. Aharonov-Casher zero modes (see Theorem 12.ip correspond to an eigenvalue 
of 0 and contribute ||<h(/9)p to the leading order coefficient on the right hand side 
of (j2]); when fl has a variable sign the remaining part of this coefficient comes from 
“approximate zero modes” which arise from the localising ehects of strong helds (see 
Section m for further details). 

This paper is organised as follows. Some background on Dirac operators on 
is outlined in Section [2] while the key results we require from |ESj are stated at the 
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start of Section [3l The proof of Theorem 11.11 is then reduced to determining the 
large k asymptotics of a spectral quantity Ng relating to a family of Dirac operators 
on see ([7]) and Theorem 13.31 

The relatively straightforward lower bound in Theorem 13.31 is covered in Section 
m Necessary information about the asymptotic number of approximate zero modes 
for Dirac operators on is given in Theorem 14.11 and justified in Section |8] using 
equivalent results for the plane (from |E3] ). Section |4] concludes with further es¬ 
timates relating to approximate zero modes; some of the arguments rely on ideas 
from differential geometry and are deferred to Section [9l 

The remaining sections are dedicated to the justihcation of the upper bound in 
Theorem l3.3l In Section[5]the quantity is expressed as the number of eigenvalues 
of a (non-self-adjoint) operator L within a particular set; see Proposition 15.11 In 
turn this is estimated from the singular values of L via Weyl’s inequality; SectionlHlis 
devoted to estimating the singular values while the argument is tied up in Section [71 

Notation 

We use spec(T) to denote the set of eigenvalues of an operator T with entries re¬ 
peated according to geometric multiplicity. The subset of positive eigenvalues is 
denoted by spec'''(T). General positive constants are denoted by G, with numeri¬ 
cal subscripts used when we wish to keep track of specihc constants in subsequent 
discussions. The open disc in with radius r and centre 0 is denoted D^, while I 2 
denotes the 2x2 identity matrix. 

2 Dirac operators on 

In order to discuss Dirac operators on we firstly recall some notions from Rie- 
mannian geometry as well as the idea of a spin‘s structure (spin'^ spinor bundles, 
Clifford multiplication and spin'^ connections). A fuller introduction can be found 
in [F] (see also El for a discussion in a similar spirit to that presented here). 

Let (•, •)s 2 denote the standard Riemannian metric on (the tangent bundle of) 
with corresponding norm |•|s 2 . The same symbols will be used for the induced 
metric on the exterior bundle A*T*S^. For n = 0,1,2 let denote the set of 

n-forms (that is, sections of the n-form bundle A”T*S^). Note that, /g 2 v §2 = 47r 
while \/3\ = |/d|§ 2 V §2 for any /3 G D^(S^). 

A spiff spinor bundle 4/ on is a hermitian vector bundle over with fibre 
on which we can dehne Clifford multiplication. The latter is a unitary map 
a : T*S^ —)■ IIom(\k) which satishes 

a{u)a{p) + a{p)a{u) = 2(a;,p)§2/ 

for all 1-forms u and p; here IIom(\k) denotes the set of endomorphisms on T 
with inner product given by (A, il)Hom{ 5 ') = ^tr(A*il), and / G IIom(T) is the 
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identity. (Clifford multiplication gives a unitary representation of the Clifford alge¬ 
bra C1(T^§^) on which is isomorphic to the standard representation and varies 
smoothly with x G §^.) Clifford multiplication extends naturally as a linear isomor¬ 
phism a : A*T*§^ —)■ Hom(\['); in particular 

(T(a;)(T(v§2) (T(v§2)(T(a;) = 0 (3) 

for any 1-form u, while (t(v§ 2 )^ = I. The latter expression allows us to write 
T = L+ © L_ where the line bundles L± are defined hj ^ E L± iff a(v§ 2 ),^ = ±,^. 
We use (•, •)^ and I'l^ to denote the (fibrewise) inner-product and norm on T, while 
r(\[') is the space of spinors (sections of T). 

Associated to a spin*^ spinor bundle T is a line bundle which (for S^) is given as 
L = T A T (the determinant bundle of T). This line bundle determines T up to 
isomorphism (note that, Tr^(§^;Z) = Z which has no 2-torsion). On there are 
infinitely many mutually non-isomorphic spin'^ spinor bundles which we denote as 
fQj^ k E h, labelled so that the first Chern number of the associated line bundle 
satisfies ci(L‘^^^)[vs 2 ] = 2k. 

Fix /c G Z. A spin‘s connection on is a connection V which is compatible 
with hermitian structure on and the Clifford multiplication. For ^,r] E F(T*^^)) 
and X E T§^ the former compatibility means 

while the latter means [Vx,o'(i^)] = o'(Vxi^) for all forms ca; here V is the Levi- 
Civita connection on (for the metric (•, •)§ 2 ). As Vxvs 2 = 0 we get 

[Vx,c^(v§2)] = 0. (4) 

A spin‘s connection V on is uniquely determined by a choice of (hermitian) 
connection on It follows that the set of all spin^ connections is an affine space 
modelled on if2^(§^) (note that, has structure group U{1) with Lie algebra iM). 
In particular, given V any other spin'^ connection on can be written as V — fo: 
for some a E r2^(§^). 

The curvature of the connection V can be viewed as the Hom(\I'*^^)) valued 2-form 
given by 

RiX, Y)^ = Vx Vy^ - Vy Vxe - V[x,V]e 

for all X,Y E T§^ and ^ E The magnetic 2-form of V is then defined to be 

jS = I Tr(i?) G f2^(§^). The first Chern class of is the cohomology class of ^(3 
so 

^(/^) = = |ci(L(^^)[v§2 ] = k- 

that is, the total flux of any magnetic 2-form on must be equal to k. This 
flux condition is also sufficient for a 2-form to be the magnetic 2-form of a spin^ 
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connection on More precisely if (3' G with <h(/9') = k then /?' = /9 + ha 

for some a G (this follows from the Hodge decomposition theorem and the 

fact that the harmonic 2-forms on are simply the constant multiples of v§ 2 ). A 
straightforward calculation then shows (3' is the magnetic 2 -form associated to the 
spin‘s connection V = V — ia. The choice of a is only unique up to the addition of 
a closed 1 -form. 

The Dirac operator corresponding to a given a spin'^ connection V on is 
dehned as D = —iTraV. If { 61 , 62 } is a local orthonormal frame (of vector helds) 
with corresponding dual frame (hi, 6 * 2 } (of 1 -forms) we can equivalently write 

V = -ia(6'i)Vei - ZCr(6'2)Ve2- 

The operator D maps r(T^^^) r(\['*^^^). Taking closures D becomes a(n un¬ 

bounded) self-adjoint operator on the sections of we denote the latter by 
H. Since D is a hrst order elliptic differential operator on a compact manifold it has 
a compact resolvent and discrete spectrum. Furthermore ([3]) and (jl]) give 

'D((t(v§2) •) = -(t(v§2)P, (5) 


so the spectrum of D is symmetric about 0. Combined with the Aharonov-Casher 
theorem ( [AC] : see [ESj for the version) we then have the following. 

Theorem 2.1. For any Dirac operator D on we have dimKerP = \k\, while 
the spectrum ofD is symmetric about 0 . 

Remark. For the decomposition (induced by o'(v§ 2 )) ([5]) leads to 


V 



T>_ 

0 


with D± : F(l|^^) —)■ F(Lf^^). The Aharonov-Casher theorem can then be viewed as 
a combination of the Atiyah-Singer index theorem and a vanishing theorem for "D; 
the former gives 

dimKerP+ — dimKerIl_ = |ci(L*'^^)[v§ 2 ] = k, 

while the latter forces either Ker or Ker to be trivial. 

A straightforward calculation shows that the Dirac operator associated to the 
spin‘s connection V = V — ia is D' = D — a{a). Dirac operators also satisfy a 
simple gauge transformation rule; if G C'°°(§^) = D‘’(§^) then 

6©p(6-*b.) = V-(T{d^), 

the Dirac operator corresponding to the spin'^ connection V —idip. In particular the 
Dirac operators corresponding to the spin‘s connections V and V — idtfj are unitarily 
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equivalent and hence have the same spectrum. It follows that the spectrum of a Dirac 
operator on is determined entirely by the magnetic 2 -form of the corresponding 
spin‘s connection (note that = 0 so is precisely the set of closed 

1 - forms). 

Let denote a spin‘s connection on corresponding to the “constant” 
magnetic 2-form |v§2 and let denote the corresponding Dirac operator. If 

(3 e is any other 2 -form with <I)(/3) = <I)(|vs 2 ) = k we can hnd a G 

with f3 = |vs2 -|- da (as above). The spin‘s connection — ia then has magnetic 

2- form /3 and corresponding Dirac operator 

pW=p(D_^(a). (6) 

This operator is uniquely determined by (3 up to gauge (and hence unitary) equiv¬ 
alence. We can view a as generating the “non-constant” part of (3. 

The situation for Dirac operators on is rather simpler. All Spin'^ bundles on 
are isomorphic to the trivial bundle x C^, while any closed 2 -form b G D^(S^) gives 
rise to a self-adjoint Dirac operator which is unique up to unitary equivalence; 
see [ESj for further details. 

3 Reduction to 

Let (3 G D^(§^) with <h(/9) = 1. From the above discussion we can write {3 = |vg 2 -f da 
for some a G D^(§^). Also set b = h*(3, the closed 2-form on obtained by pulling 
back (3 using the Hopf hbration h : —)■ S^. For f G M the magnetic held tb is 

invariant under rotations of along the level sets of h. This symmetry is inherited 
by the Dirac operator Dgs which allows the spectrum of to be expressed 

in terms of the spectra of a family of Dirac operators on S^. The following is a 
restatement of |ES1 Theorem 8.1] (note that the metric i(-,-)s2 is used in |ES] so 
eigenvalues of Dirac operators on must include an extra factor of 2 here). 

Theorem 3.1. For any f G M the spectrum ofDgi ti, is 

y SfcU -F v^4A2 + {k- f)2, -1 - + {k- tf : A G spec+(D|^^)} 

fcez 

where Sfc contains the number — | — sgn(A;) {k — t) counted with multiplicity \k\ (so 
So = 0y). The multiplicity of an eigenvalue o/P §3 is equal to the number of times 
it appears in the above list when the elements of S^ and spec~^{vl^) are counted 
with their relevant multiplicities. 

Set B = {n~^)*b = {'K~^)*h*l3 G From [FSl Theorem 8.7] we have the 

following link between the Dirac operators D §3 and 
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Theorem 3.2. For any t G M we have dimKer Prs = dimKerDsa 
Consider the disjoint partition of M given by the intervals 


{{k - \,k + if fc > 0, 
ifA; = 0, 

{[k - I, k + ^) ii k <0, 


for fc G Z. Also let Tk = {k — 1/2, k + 1/2) and Tk = [k — 1/2, fc + 1/2] denote the 
interior and closnre of respectively. To identify the contribntion to coming 
from t E Tk and t ETk set 

dimKer Dr3 and dimKer Drs 


From Theorems 13.11 and 13.21 it is clear that KerDRS is non-trivial precisely 
when there exists k E 'L snch that either 0 G or 4A^ + (fc — = 1/4 for some 

A G spec+(pj^^), with corresponding agreement of mnltiplicities. In the latter case 
we have A > 0 which forces (A; — < 1/4 or f G r^. It follows that 

= #{(C A) : A G spec+(T>£^) and dA^ + [k-tf = \]. 


We also know that 0 is contained in the spectrnm of with mnltiplicity \k\ 
for any f G M (see Theorem 12.ip . while 0^ + (/c — = 1/4 has two solntions 

{t = k F 1/2). Fnrthermore the spectrnm of T>[^ is symmetric abont 0. Combining 
these observations we get 

#{(f. A) : A G spec(P^^^^) and 4A^ + {k — tY = |} = 2M^^ + 2\k\. 


On the other hand 0 G S^., with mnltiplicity |A:|, iff f G \ r^. It follows that 
= \k\ and so 

^ e spec{V^Y) and dA^ + {k-tY = \}. (7) 

Clearly in calcnlating the right hand side of ([7]) we need only consider t E Tk and 
eigenvalnes of in [—1/4,1/4]. In addition to the eigenvalne 0 with mnltiplicity 
\k\ (the Aharonov-Casher zero modes) there may be small non-zero eigenvalnes (the 
approximate zero modes). The total nnmber of these eigenvalnes can be determined 
asymptotically in |fc| (see Theorem 14.11) which nltimately leads to the following. 

Theorem 3.3. IFe have = <h(|/5|) \k\ + o{\k\) as \k\ — >■ cxo. 

The lower bonnd for contained in Theorem 13.31 was given in [Taj and is 
inclnded here for completeness (see Section 0]). The jnstihcation of the npper bonnd 
for appears in Section [Tj 

Given Theorem 13.31 the proof of onr main resnlt is now straightforward. 
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Proof of Theorem M . 1[ We can extend the definition of Nb(T) to cover T < 0 by 
snmming over T < t < 0 in this case. Together with the scaling properties of (j2]) it 
thns snffices to restrict to the case ^(/d) = 1 and prove 

Nb(T) = i<h(|/3|)T2 + o(T2) asT^icx). (8) 

Now let T > 0 and pick fc'r G Z with T G . Then ljfc=i ^ C [0, T] C lJfc=o so 

kqp — X kjp 

k=l k=0 

Using Theorem 13.31 and the fact that \kT — T\ < 1/2 we get 

k’j' kjp 

^ = 5/14(|/3|) «: + o(A^)] = ^ >1>(|/?|) + o(4) = i >1>(|/?|) + o(T^) 

/c=0 

as T ^ + 00 . Since the removal of the first and last terms from the snm will not 
change this asymptotic ([8]) for T > 0 now follows. A similar argnment clearly deals 
with the case T < 0. ■ 


4 The lower bound 


Thronghont the next fonr sections we consider a fixed (3 G with ^(/d) = 1 

and write (3 = ivs 2 + da for some a G r2^(S^). For each fc G Z and £, i? > 0 set 

n(£) = nfc,„(£) = #{A G spec(T>£^) : |A| < e] 

(connting according to mnltiplicity) and 




n(i?) — n(e:) if i? > £, 
0 if i? < £. 


Since has \k\ zero modes (recall Theorem 12.11) we have n(£) > \k\ = |<F(fc/d)|; a 
strict ineqnality (for snitable e) reflects the presence of approximate zero modes. In 
general there will be 0{\k\) approximate zero modes whenever /3 has variable sign; 
more precisely we have the following. 

Theorem 4.1. Suppose Sk = for some C,c > 0 and 0 < p < 1, while 

Rk = o{\k\^/‘^) as \k\ —)■ oo. Then 

1 1 
liminf — nfc,o(£fc) > $(|/?|) and limsnp — nfc,o(i?fc) < 

\k\-kcyo \k\ \k\^oo \k\ 

Consequently 'Ok^a.i.^k) = ‘^(l/dl) 1^1 + o{\k\) and nk^ai^k, Rk) = o{\k\) as \k\ —)■ oo. 
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The proof of this result is given in Section [ 8 ] where it is reduced to a similar 
result for the Pauli operator on a disc in 

From ([ 6 ]) we get 

Vfj -t<T{a). (9) 

ik) 

It follows that t VIJ dehnes a self-adjoint holomorphic family of operators. Using 
standard perturbation theory (see [K]) we can then choose real-analytic functions 
fin for n G Z so that the full set of eigenvalues of (including multiplicities) is 
{/i„(t) : n G Z} for any f G R. We can now rewrite ([7]) as 

= + = ( 10 ) 

Proof of lower bound in Theorem \3.3[ Fix £ G (0,1/4) and suppose |/in(^)| < ^ for 
some n G Z. Then 4p,^(/c) + {k — k)^ < 4^^ <1/4. However /i„ is continuous and 
4:iJ,‘^{k ± 1/2) + {k P 1/2 — kY > 1/4, so there are at least two values of t with 
4/i^(t) + {t — kY = 1/4. From (1T0|1 it follows that 

> #{n G Z : |pn(fc)| <^} = rik,aY)- (H) 

The lower bound in Theorem 13.31 now follows from Theorem 14.11 ■ 

The complication with obtaining the upper bound in Theorem 13.31 is that, for 
each n G Z with fin{k) < 1/4, we need upper bounds on the number of values of t 
with 4/r^(t) -l- (t — kY = 1/4; in general there is no reason why this can’t be more 
than two. We need some information about how rapidly can change with 

respect to t. 

Proposition 4.2. For j = 1,2 suppose Xj is an eigenvalue of'DlJ with normalised 
eigenfunction ^j. Then |(.^i, (j(a').^ 2 )| < + 1-^21) for any a' G U^(S^). 

The proof of this result is given in Section [9l 
Remark. If G KerP|^^ Proposition 14.21 gives = 0 for any a' G fl^(S^), 

which forces the value of ^ to lie in either or at each point of §^. This 
result can be viewed as a local version of the vanishing theorem underlying the 
Aharonov-Casher theorem. 

Corollary 4.3. Set a = 27r||a||Loo. For any n E and t eM. we have 

e-“l*-'^l|/i„(fc)|<|/i„(t)|<e“l*-^l|/x„(A;)|. 

(k) 

Proof. Fix n. Since VY is a self-adjoint holomorphic family we can choose a nor¬ 
malised eigenfunction ^{t) for fin{t) which is real-analytic in t (see [K]). Applying 
standard hrst order perturbation theory to ([9]) then gives 

^Fn{t) = -{^{t),a{aY{t)). 

Thus \dfin/dt\ < a\fin\ by Proposition 14.21 Integration completes the result. ■ 
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Let e > 0 and suppose \^n{k)\ < e (ultimately we will use £ to control the size of 
the approximate zero modes of For sufficiently small e Corollary 14.31 provides 

enough control over the behaviour of when t E Tk to ensure that there are 

precisely two values of t with 4/i^(f) + (f — = 1/4. Therefore the issue of extra 

values of t can only arise when e < |p,„(fc)| < 1/4. For reasonable choices of £ 
Theorem 14.II shows there are at most o{\k\) such eigenvalues; we need to show that 
these eigenvalues lead to at most o{\k\) extra values of t. 


5 Linearisation 


Our aim (Proposition IST]) is to re-express the quantity as the number of eigen¬ 
values of some (compact non-self-adjoint) operator L within a prescribed set. In 
essence this is achieved by using (|9]) and flTOl) to view as the number of real 
eigenvalues of a quadratic spectral pencil and then linearising this pencil by moving 
to a suitably chosen 2 x 2 system. 

Introduce a shifted parameter s = t — k + 1. Then f G iff s G J where 
J = [ 1 / 2 , 3/2]. Also set V = and A = a{a) so ([9]) becomes 

= V-sA. 


Let I = J (g) /2 denote the identity on = "H ® C^. Introduce further operators 
P and Q — Qo + Qi on where 


Qo 


P = 2T> ® CTs + J (g) CTi — 

r A 

= i(g)cTi=l^ qI and 



Qi = 2^ (g) cTs 



In particular 


P — sQ 


{2{V-sA) (l-s)I 
t(l-s)/ -2{V-sA)) ^ 


The operators P and Q are self-adjoint with P unbounded and Q bounded. In 
particular DomP = (DomD)^ while P — sQ has a compact resolvent for any s G M 
(as V — sA does). Also 


(P - sQ + = [A{V - sAf + (s - Ifl] 0 h. (12) 

Taking s = 0 we get (P -|- 1/2)^ > I so |P| > 1/2 where P = |P|U is the polar 
decomposition of P. It follows that is an injective compact operator with 

|||P|~^^^|| < \/2. Define a further compact operator by 

L = U|P|-^/2Q|P|’^/2_ 

Let Cl = 4e“/^. For 0 < e < l/Ci set = 1 ± (1 — Cie)/2 so J = [sg , Sq ]. Also 
set J+ = [s+, s+] and J" = [sg , sjj. 
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Proposition 5.1. We have 

Ni5‘’ = i#{Aespec(L) : A-‘e J}. (13) 

Furthermore if 0 < e < 1/Ci then 

#{A e spec(L) : G J^} > n(e:). (14) 

Approximate zero modes correspond to the eigenvalues of L with reciprocals in 
and J“; (1141) is the corresponding restatement of (1TT|) . 

Proof. From (1T0|) and (IT^ we get 

= 9 ^2 ^ ^ ^ ~ 1) + (-s “ 1)^ = i} 

sGJ 

= i dim Ker [(P - sQ + p)2 - ll]. 

sG i/ 

Now (J®cr 2 )(P —sQ)(J®(J 2 ) = —(P —sQ) —I (note that = h while a 2 (Tja 2 = —(Tj 
for i = 1, 3). It follows that 

dimKer[(P — sQ + — ^l] = dimKer(P — sQ) + dimKer(P — sQ + I) 

= 2 dim Ker (P — sQ). 

However I — sL = U|P|^^/^(P — sQ)|P|~^/^ so dimKer(I — sL) = dimKer(P — sQ) 
for any s (recall that |P|“^A jg injective). Combining the above gives flT3|l . 

Now |s^ — 1| = (1 — Cie)/2 < 1/2. If \fXn{k)\ < £ < l/Ci for some n G Z then 

|/i„(/c + - 1)1 < \Fn{k)\ < lCi£ 

using Corollary 14.31 It follows that 

^Flik + sf-l) + {sf - 1)^ < liC.er + 1(1 - C,£)2 < 1. 

However ^iJtf^{k + — 1) + (sq — 1)^ > 1/4 while is continuous. Thus there is 

at least one s G J/" with 4p,^(fc + s — 1) + (s — 1)^ = 1/4. Since n(e) = ff{n G Z : 
\Fn{k) \ < e} estimate (114)) now follows. ■ 

6 Estimates for singular values 

Dehne compact self-adjoint operators by 

Kj = j=0,l 


12 



and K = Ko + Ki. Then L = UK so L*L = K^; in particnlar, the singnlar values 
of L are simply the moduli of the eigenvalues of K. In order to study the latter we 
treat Ki as a perturbation of Kq; in turn, the spectrum of Kq can be determined 
from that of V. 

For any d G M let Xd denote the symmetric 2x2 matrix 


Xd = 


2d - i 


-2d-h 


The eigenvalues of Xd are —1/2 + A and —1/2 — A where A = y/Ad? + 1 > 1. Thus 


lll^c 


|-V2|| _ 




(15) 


Dehne a quadratic polynomial by 

p,(A) = A2 + A-'A + i-Al 

Then pd{0) < —3/4 so has one root of each sign; let fi:^(d) denote the reciprocal 
of the root with sign ±1. Note that /s:’''(0) = 2 and k“(0) = —2/3. 

Lemma 6.1. The eigenvalues of the 2x2 matrix \Xd\~^^‘^(Ti\Xd\~^^‘^ are K^{d) and 
K~{d). Furthermore ±K^(d) < min{2, |d|“^} and |K^(d) — k"'"(0)| < 16d^. 

Let G denote a normalised eigenvector of corresponding 

to fi:^(d). 

Proof. We have det(|Arf|(Ji) = —|det A^l = A —A^ while 2X\Xd\ +Xd = (2A^ —A)J 2 
so Tr(2A|Ac;|(Ji) = — Tii^XdCri) = —2. Thus pd is the characteristic polynomial of 
|Ad|cri and hence \Xd\^f‘^ai\Xd\^^‘^. The hrst part of the result follows as = ai, 
while the second part can then be obtained from flT^ and the fact that ||(Ti|| = 1. 

Let Xd — l/«(^(<^) denote the roots of pd] in particular \x^\ > 1/2. Now Pd(A) is 
decreasing in d? for fixed A > 0 so xj > xj/ = 1/2. Also 

Pd(A2-4) > A-i(l + A-i) >0 

(recall that A > 1) so x^ < A^ — 1/2. Thus 0 < x^ — Xo < A^ — 1 = 4d^. On the 

other hand xt ^ Xd — —A“^ for any d so 

(Xd - Xo ) + (Xd - Xo ) = 1 - e [0, 2df]. 


It follows that \Xd ~ Xo I A 4d^. Combined we then get 


|K^(d) — K 


± 


IXd - Xo 

\Xd \ IXc 


±1 


< 


4d2 

M: 


= 16d^ 


completing the result. 
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fin{k — 1) for n E 'll (the eigenvalues of V). By Corollary 14.31 we have 


Set Un 


e “|/in(fc)| < Wn\ < e“|/r„(/c)|. 


(16) 


Choose an orthonormal basis : n G Z} of with For each n G Z 

set and ® The dehnitions of Kq and Xd lead to 

Kqm^ = so, in particular, {«+,«“ : n G Z} is an eigenbasis for Kq. 

Given e, R > 0 set = {n G Z : |/in(^)| < and M'^ = {n G Z : \finik)\ > R}. 
Let n^, and denote the (orthogonal) spectral projections of Kq with 

Ranfl^ = Spluj^ : n G M^}, Ranll'jj = Sp{Mj|(,M“ : n G M)j} 

and Ilg = I — nj" — 11“ — n)j.. Clearly 

dim Ran = n (e) and dimRanllg^^ = 2n(£, R). 

Lemma 6 . 2 . Let £,R > 0 . Then iKoLl^ > 0 while ||[Ko — K^( 0 )I]n^|| < C'2,i£^ 
and ||Kon)^|| < C2,2R~^ for some constants €2,1 and C'2,2- 

Proof. We have > 0 for all n while Lemma 16.11 and ffT6l) give 


- K^( 0 )| <lQvl< 


for n G Mg, and < |z/„| ^ < e“R ^ for n G M^. The result follows (with 


6*2,1 = 16 e^“ and C'2,2 = e“). 


Next we consider Ki; we begin with estimates for Ki restricted to certain spectral 
subspaces of Kq. 

Lemma 6.3. S'wppose £, R > 0 and tti, 712 G {+,—}. Then ||ngiKin^ 2 || < C*3,ie:n(£) 
and IlKiLljijII < C* 3 , 2 R“^'''^ for some constants C* 3 ,i and 6 * 3 , 2 - 

Proof. Since {uf^ : n G M^} is an ortho normal basis for Ranll^ we have 



(17) 


Now the dehnitions of Ki and Qi give 



Note that ||(T3|| = 1 so |(|Wj,^| < 2 by ([ISD. On the other 

hand when m,n E Proposition 14.21 and ffT 6 l) give 


I I I ^(cr)^n) | ^ ^( | \ T | \) || *^ || L°° — OC E. 
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Therefore \{u^,'Kiu^)\ < C's^e with Cz,i = 4ae“. Since #M£ = n(e) the hrst part 
of the result now follows from (ITTII . 

Now let u G Ranll^. Then u = ® Zn for some G C^, so 

|P|-V2^= ^ 

nSM'^ 


For n G M'^ flTHl) and flThl) lead to 

\\\X^X^^‘^^n\\‘^ < knT^lknir < e“R"^ || |P. 

Since : n G M^} is an orthonormal set (in "H) it follows that 

|||P|-V2„||2= ^ |||X,J-i/2^„|l2<e“R-i J2\\znf = e^R-^\\uf. 

nCM^ nSM'^ 

Therefore |||P|-^/2n'^|| < Since |||Pr^/2|| < \/2 and ||Qi|| = 2||^|| = 

2||«IU oo the required estimate for ||Kin^|| follows with Cj ,^2 — 2\/2e'^^^||cr||j;^oo. ■ 

For £, i? > 0 set 

5 (£, K ) = 6*2,+ 46*3,1£ n (e) + + 2C3,2R~^^". (18) 

Let {A+ : n G N} and {A“ : n G N} denote the sets of positive and negative 
eigenvalues of K = Kq + Ki, enumerated to include multiplicities and ordered so 
that Ah < A^ < ■ ■ ■ < 0 < ■ ■ ■ < A^ < A^. 

Proposition 6.4. Suppose e,R> 0. Then 

#{n G N : |A±| > ±K^(0) + 5(£,R)} < 2n{e,R) (19) 

and 

#{nGN: |A±| >5(£,R)} <n{e) + 2n{e,R). (20) 

The basic argument is a variational one with Lemmas 16.21 and 16.31 providing the 
relevant information about Kq and Ki respectively. 

Proof. Set M = dimRanllg ji; = 2n{e,R) and let H < with dim FT = M + 1. 
Choose u E H with ||m|| = 1 and I\.e,RU = 0. Then u = (11+ + 11^ + L1):j)m so 

(m, Kqm) = (M,Kon+M) + (M,KonhM) + (M,Kon'^M) < IlKoLl+ll + IlKoLl'^ll 

(since KoRj < 0 from Lemma 16.21) while 

(«, Kit.) = («, (n,+ + nj)Ki(n+ + n-)«) + («, K,n» + (Kin>, (n,+ + n,-)..) 
< ||(n+ + n;)K,(n+ + n;)|| + 2||K,n;i||. 
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Using a variational argument it follows that 

A+< ||K„n+|| + ||K„n^|| + II(nj + n;)Ki(n+ + n;)|| + 2||K,n'„||. 

Lemmas 16.21 and f6.3l then give < k+(0) + S{e,R). The case of the upper sign 

in ([19]) clearly follows. The lower sign can be obtained by a similar argument. 

Now set M = dimRan(n+ + If^/j) = n(e:) + 2n{e, R). A slightly simpler version 
of the above argument leads to 

A+< ||Kon'«|| + ||n;Kin;|| + 2||Kin'^|| < ^ 2 , 2 ^-' + Cs,ien{e) + 26*3, 2 ^-'/'. 
Since the right hand side is clearly bounded above by 6{e, R) fl20|) now follows. ■ 


7 The upper bound 


The upper bound in Theorem [3]3] follows from Theorem 14. II if we can show that N^^ — 
nfc,a(£fe) is bounded from above by o{\k\) for suitably chosen Sk- We hrstly estimate 
this difference using Propositions 15.11 and 16.41 together with Weyl’s inequality. 

Lemma 7.1. Suppose Q < e < 1/Ci and i? > 0. Then 

[| - 5(£, R)] - nfc,„(£)] < [(5(e, R) + Cie] nk,a{£) + 2||K|| nk,a{£, R)- 

Proof. Put N = 2N^^ and M = — 2n(£). Let A = {A G spec(L) : A“^ G J} so 

= N hy Proposition 15.11 Also let K C spec(K) denote the collection of the N 
eigenvalues of K with largest moduli. Since L*L = the singular values of L are 
precisely the moduli of the eigenvalues of K. Weyl’s inequality (jWj) then gives 

( 21 ) 

agA AeK 


For any A G A we have A ^ G J = [1/2, 3/2] so A > 2/3. If A ^ G then 


A > — = 


> 2(1-(Pie). 


1 + Ci£ 

From Proposition 15.11 it follows that 

^ A > 2 (1 - Cie) n(e) + I[A^ - n(e)] = 2(| - Cis) n(e) + |M. (22) 


AeA 


Write 5 = 5(e, i?). Proposition l6.4l shows that K has at most 2n(e, R) eigenvalues 
in each of the intervals (—cxo, —2/3 — 5 ) and (2 + cx)), and at most n(e) + 2n(e, R) 

eigenvalues in each of the intervals (— cxd, —5) and {6, oo). Furthermore, the spectral 
radius of K is ||K|| while #K — (2n(e) + 4n(e, R)) = M — 4n(e, R) < M. Therefore 


^|A| <4||K||n(e,R) + (| + 5)n(e) + (2 + 5)n(e) + (5M. (23) 

AeK 

The result now follows when we combine fl21l) . fl2^ and fl2^ . ■ 
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Remark. Key to our argument is the identification of those eigenvalues and singular 
values of L which arise from the Aharonov-Casher and approximate zero modes. 
These contribute |n(£) to each side of (l2T|l . the cancellation of which allows the 
quantity q,(£) to be estimated with sufficient precision. 

Since |||P|~^/^|| < \/2 straightforward bounds on Q give 

||K|| <2||Qo + Qi|| =2(l + 4||a||i^)i/2_ (24) 

Proof of upper hound in Theorem \3.3l Set and Rk = for all fc G Z. 

As \k\ —)■ oo we clearly have Sk = o(|/c|“^) and Rk —)■ oo, while Theorem 14.11 gives 
n(£fc) = $(|/5|)|fc| + o{\k\) and n{ek:Rk) = o{\k\). It follows that 6{ek,Rk) = o(l) 
(recall (ITSil ) and so — nk^ai^k) = o(|/c|) by Lemma ITTI and (l2Tll . ■ 

8 Approximate zero modes on 

Let (respectively §?_) denote the sphere with the south (respectively north) pole 
removed; if we view as the unit sphere in then S| = S2\{(0,0 ,t 1)}. Let 
—)■ denote stereographic projection, given by 

Z±ix) = ^ - {xi,X2), X = {xi,X2,X3) 

1±X3 

Set f2(x) = 2(1 + for x G and o z±. It is straightforward to 

check that the map z± is an isometry if is given the conformal metric r2(-, •)k 2 
(where (•, •)r2 is the usual Euclidean metric on M^). Hence 2;^(r2^VR2) = v §2 (where 
vr 2 = dxi A dx 2 is the usual volume form on R^). 

For any 6 G [0,1] set fl {ixs < 5}; in particular Sf while §§,+ 

and Sq _ are the north and south hemispheres. It is easy to check that ; 2±(§5 j_) = 
where rj = (1 + (5)/(l — 5), while we have the bounds 

l-5<H(x)<2, xG©,.,. (25) 

Using the isometry z^^ we can pull-back the (restricted) spin'^ bundle from 
to get a spin'^ bundle on R^. Since R^ is contractible the latter is isomorphic 
to the trivial bundle R^ x C^, so sections of this bundle (spinors) can be identified 
with maps R^ —)■ C^. For ^ G r(\k*^^)) with supp(^) C let p = ^ o z^^ denote the 
corresponding map in C“(R^,C^). Then 

II^IIl2(§2) = / |^|^WV§2 = / (26) 

Using the isometry z± and the above identification of spin'^ bundles any Dirac op¬ 
erator on can be restricted to and then considered as a Dirac operator on R^ 
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with the conformal metric r2(-, •)r 2 . Conformal mapping properties of Dirac opera¬ 
tors (see [HI Section 1.4] or |ES[ Theorem 4.3]) mean the latter is simply related to a 
Dirac operator on with the usual metric. Under the above identification of spin^ 
bundles a Dirac operator on becomes a Weyl-Dirac operator corresponding to a 
potential A = dxi + A '2 dx 2 on that is, an operator given by the 2-dimensional 
version of da. More precisely let a G and consider the Dirac operator 

on Then we can find A± G so that 

{t] o z±) = O (27) 

for all r] : —)■ (note that r] o z± ^ r(\['||^^), where is the restriction of 

vI/(^) to §1). Furthermore the magnetic field corresponding to is simply the 

pull-back of that corresponding to Va^ under the map if the latter is /9 = /vs 2 
then the former will be given by l3± = dA± = (/ o z'^) vr 2 . In particular for any 
open subset U C we have 



For A' G D^(R^) and r > 0 let V-b^^a' denote the Pauli operator on with 
magnetic potential A’ and Dirichlet boundary conditions; this can be defined as the 
non-negative self-adjoint operator associated to the closure of the quadratic form 
given by ?7 ||T’R2,A'hlli2(R2) for r] G C^). 

For the next result let denote a Dirac operator on and let A± denote 
the corresponding 1-forms on R^ as discussed above. 

Proposition 8.1. There exists (74 > 0 so that for any fi > 0 and 6 G (0,1] we have 
#{A G spec(T>)f)) : |A| < /i} 

> #{A G spec(PB,A+) : A < /i^} #{A G spec(PD,yi_) : A < (29) 

and 

#{A G spec(Di'')) : A' < /i' - 0^5-“^] 

< #{A G spec(pB,,,A+) : A < (4/i)^} -h #{A G spec('PiD,^^,A_) : A < (d/r)^}. (30) 

Proof. Let rjA: G (7“(D,C^). Set = (D”^/^?]^) o z^^ giving G r(\['||^^) with 
supp(^±) C § 2 ^^. Extend by 0 and set ^ G r(4/(^^). From (1^ we have 

D > 1 on D. Together with (l26l) and (j2711 we then get 

II'^±IIl 2(S^) = ||^^'^^h±||B2(B) ^ llh±|li2(B) 


18 



and 


Since and have disjoint snpport it follows that 

II^IIl2(s2 ) = ||^+|l2,2('g^) + I|^-Ili2(g2) > ||h+llL2(D) + Ilh-||L2(D) 

and 

ll^i^^^llL2(§2) = ||^^i^^^+|li2(g^) + < II^B,A+h+llL2(p) + ||I^D,yl_h-llL2(][!i). 

A standard variational argument then leads to (|29|) . 

Now choose non-negative functions x&,± ^ X 5 + + Xs- = 1 

and |dX(S,±| < on §^, where is independent of 5. Let ^ G 

and dehne compactly supported sections of \1/|^^ by setting = X 5 ,±^. Also set 
Vs,± = o giving ris^± G C“(Dr^,C^). Then fl26|) . (the upper bound in) 

(|^ and ( 1 ^ give 

Il^<5,±|li2(§|) = ||^^'^^h<5,±l|£2(]R2) < ‘^\\VS,±\\l2(p^^) 


so 


II^IIl 2(§2) — ll^(5,+ llL2('g^) + ||^<5,-|lL2('g2 ) < 2 [||77y+||2,2('][!)^^) + ||h<5,-|lL2(]D)^^)] . 

Similarly 

£2(R2) — 2 \\'^^rg,A±'>lS,±\\L^(Blr.g) 

while 

Pi'^^elli2(g2) = \\X5,+V(^k\\Us^) + \\Xs,-V^^k\\Us^) 

= \\'^a^^5,+ - icT(dX5,+)^||i2(g2) + W'l^a^^S,- “ ia(dxy_)^||^2(s2) 

^ |0I^«*^^'^'5.+ IIl 2(S^) + ll’^i^^'C<5,-|li2(g2 )] — 2(^4 q( 5 ^||.^||^2(g2). 

Therefore 

ll’^i^^'CllL2(§2) +2CI q 5 ^||^||i2(g2) > I A+^<5.+ IIl2(B^_5) + II^IDlrj,A_h<5-|lL2(]n)^^)] . 

A standard variational argument now gives (1301) (with C 4 = 2C|q; note that r(\I/^^)) 
is a core for Va^). ■ 

We can use (|2711 to transfer results about approximate zero modes on to S^; 
information about the former was obtained in |E3] . 
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Proof of Theorem \4.1\ For each A; G Z we have a Dirac operator on with 
magnetic 2-form fc(|v §2 -1- da). Pulling this back to using z± as discussed above, 
we can arrange so that the corresponding 1-forms on are simply kA± for hxed 
{k independent) 1-forms A±. The corresponding field is kf3± where /3± = dA±. By 
(fM> we have 




5 e [0,1], 


(31) 


From |E3l Theorem 1.2] and (1^ we get 

^ spec(PD,fcA±) ■ X <el} > ^ [\(4±\ = ^ [ \(4\. 

|fc|->-oo \k\ 27r Jd + 


Combined with Proposition 18.11 we then have 


I —>-oo I k I 


= «F(|/3|). 


Now let 5 > 0 and set Rk = 16(i?^ -|- ^) for fc G Z. Then = o(|A;|) as 

\k\ —)■ oo, so |E31 Theorem 1.1] and fl^ give 

limsup^#{A G spec(pB,,,fcA±) : A < .Rfc} < [ |/?±| = ^ [ \P\- 

IfcKoo \k\ 2n 

Combined with Proposition 18.11 we then have 

iimsnpOk,a{Rk) < ^ f l/^l + / l/^l = *^(1/^1) + ^('^) 

Ifcl^oo \k\ 2sj_ 

as 5 O’*" (note that /? is bounded while |S|_,_ Cl §|_| = 0(5)). Taking 5 —)■ O’*" leads 

to the stated upper bound for nk,a{Rk)- ■ 


9 Spin-field estimates on 

For any n let d : D"(§^) D"'“^(S^) and 6 : D"(§^) D"'“^(§^) denote the 

exterior derivative and its adjoint with respect to the Hodge * operator. We have 
* : D”(S^) —)■ D^“’^(§^) with ** = (—l)'^ and 5 = — * d*. Also *vg 2 = 1. 

The expression dS + 6d dehnes the Laplace-de Rham operator on n-forms. For 
n = 0 this reduces to 6d = —A, the negative of the Laplace-Beltrami operator on 
(scalar) functions. The Green’s function for the latter is given in terms of log(l—x.y) 
(where the dot product is dehned by viewing as the unit sphere in M^); more 
precisely for any / G C°°(§^) with Jgj /v §2 = 0 we have 

fix) = ^ f log(l - x-y) A/(|/) vs2(j/) (32) 

4vr is2 
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for all X G (see |FS1 Theorem 4.15]). From this we can obtain a related integral 
representation for 1-forms. Firstly for any ?/ G let Py G denote the exterior 

derivative of x x.y. 

Proposition 9.1. For any u G and x G we have 


Lv(x) = 


1 

dvr 


v§ 2 (y) 

1 — x.y 



{*Py)i.x) 
1 — x.y 


duj{y). 


Proof. Snppose / G C'°°(S^) satishes /gj /v §2 = 0. Taking the exterior derivative of 
with respect to x gives 


df{x) = 


Py{x) 


dvr 




(33) 


1 — X.y 

Now snppose u G ) with = 0. Set g = w E so du = — * dg and 

{ 6 dg)\'s 2 = ddv. Applying the Hodge * to fl33l) then leads to 


5v{x) = 


{*Py){x) 


dvr 


x.y 


ddio{y). 


(34) 


Finally snppose u G H^(S^). Since if^(§^) = 0 the Hodge decomposition theorem 
gives / G C°°(§^) and v G H^(S^) snch that u = df + 5u. Since dl = 0 = 5 v §2 we 
may assnme /g 2 / v §2 = 0 = /§2 The resnlt now follows from fl3^ and fl3T|) . ■ 


For any x,y E Ef it is easy to check |pj^(x )|§2 = |(*Py)(x )|§2 = 1 
straightforward calculation then gives 


f 

Py{x) 

/S2 

1 — X.y 


vs2(x) = 27r^ 
S2 


f 

{*Py)ix) 

/S2 

1 — x.y 


V§2(x). 

S2 


{x.yf. A 


Coupled with Proposition 19. II we immediately get the following estimate for 1-forms. 

Corollary 9.2. For any u E H^(§^) we have ||a;|| 2 ,i < (||(5a;||2,i -|- ||da;||ii). 

When needed {ei, 62 } denotes an orthonormal frame (of local vector helds) while 
{ 61 , 62 } denotes the corresponding orthonormal dual frame (of local 1-forms). We 
assume {ei, 62 } is positively oriented so v §2 = 61 A 62 . Also *61 = 62 and *62 = — 61 . 
For any u G H^(S^) we have the local expression 


Suj = -trVo; = -[(Veia;)(ei) -h {Ve 2 ^){e 2 )\, (35) 

where V denotes the Levi-Civita connection (on 1-forms; see pm Lemma 4.8]). 
For any spinors E F(T^^^) let G H^(S^) be the unique 1-form satisfying 


{u^^y,p)s2 = {f,(T{p)g)^(k) 

for all p E fl^(§^). In terms of a local orthonormal frame we can write 


+ {i,a{ 62 )p)^,ik) 62 . 
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Lemma 9.3. LetV be a spirf connection on G and X e r(T§^) 

then = ^Xxi,v 

Proof. We have X(a;^^^,p )§2 = (Vp )§2 + Vxp)s 2 while 
= (^, Vxcr(p)77)^w + (^, Vx(cr(p)77))g>(fc) 

= Vx(x(p)r/)>jy(fc) + (Cw(p)Vxc^(p)^?)M/(fe) + {^,(^{^xp)v)^ik). 

The result now follows from the dehnition of 0 J^,n- ■ 

Recall that Clifford multiplication extends naturally to 2-forms; in particular 
cr(v§ 2 ) = cr{9 i)a{92) while for any 1-form p 

cr(p)a(v§ 2 ) = -(t{*p). (36) 

Proposition 9.4. Let T> be a Dirac operator on If^,p G then 

dui^^n = i{D^, v)^w - 'Dp)^(k) (37) 

and 

duj^^n = -*[(^^^,o-(v§2)77)vj,(fc) -F (^,cT(v§2)'D77)^(fe)]v§2. (38) 

Proof. Let V denote the spin^ connection defining V. By (|35ll and Lemma [93] 

77 (^ 1 ) ^ 62 ^^, 77 (^ 2 ) 

= -{[a{9,)Ve,+a{92)Ve,]^, - (C Hei)V,, + a{92)Ve,]v)^,., 

On the other hand working in a local orthonormal frame and applying 0361) gives 

= (C <^(-*^2)h)^(fc) + (C <^(*^l)h)^('=) *^2 

= -(Co-(6'2)cr(vs2)?7),j,(fc)6'2 -F (Ccr(6'i)cr(vs2)?7)^(fc)(-6'i) = 

Together with (jS]) and fl57D we get 

S*UJi,ri = -^^«,a(vg2)r? = *(^^Co-(v§2)77)^(fc) - i(C -0-(vs2)T’^?)vE,W • 

However d = — * 6* and *1 = v §2 so (1551) follows. ■ 

Proof of Proposition |^.4 Dehne a vector held X' on by a' = (X', •)s2- Then 
I^'ls 2 = |a'|s 2 while (6, cT(a')6)®w =1^6,6(^0- Hence 

l(6w(a')6)l < / l(6,cr(a')6)M/w| vs2 < / |X'|s2 |a;gi,^2|s2 vs2 

J§2 J^2 

TT 

< II«1Il°°(§ 2) ||i^6,?2lUhs^) - 2 + IM^h.^lUhsb] 
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by Corollary 19.21 On the other hand Proposition 19.41 leads to 

^ I'^ta I v]/(fc) I'bsl'J/Cfc) 4“ I'bl !'!'('=) I'^ta ^2|gy(fc) 

= (|Ai| + IA 2 I) |'C2|>Ir(fc) 

(note that o'(v§ 2 ) is a nnitary operator in the hbres of However 

2/ I'Clkcfc) l'C2|<5(fc) Vs 2 < / + l'^2|^(fe)] V §2 = ||^i||^ 2 (s 2 ) + ||6|Il2(§2) = 2. 


The resnlt follows. 
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